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Abstract
In this note we prove a theorem about the existence of subfamilies of families of a ,nite set,
with intersections of prescribed size. We then apply this to give a new proof of a Ramsey-type
theorem for bipartite graphs. c© 2002 Elsevier Science B.V. All rights reserved.
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1. A set intersection theorem
Theorem 1. Given any integer k¿ 2 there exists an integer n such that given any n
n-sets in [2n− 1]; there exist k of these n-sets with at least k elements in common.
Proof. Fix any integer n¿k and form the bipartite graph G(X; Y ) where X = any
family of n n-element subsets of [2n− 1], and Y = the set of all k-element subsets of
[2n− 1], and (x; y) is an edge ⇔ y ⊂ x. So |X |= n and |Y |=(2n−1k ):
Now
∑
x∈X deg(x)= the number of edges of G=
∑
y∈Y deg(y). Clearly, for all
x∈X; deg(x)= ( nk ), so
∑
x∈X deg(x)= n(
n
k ).
Now suppose the statement is false. Then for some k¿ 2, for all n, there exists
a family of n n-sets of [2n − 1] such that every subfamily of size k has at most
k − 1 elements in common. Hence for all y∈Y; deg(y)6 k − 1. So ∑y∈Y deg(y)6
(k − 1)( 2n−1k ). Therefore for all n,
n
(
n
k
)
6 (k − 1)
(
2n− 1
k
)
:
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But the left-hand side is a polynomial in n of degree k + 1, while the right-hand side
is a polynomial in n of degree k, and both sides have positive leading coeEcients.
Hence for n suEciently large, the left-hand side is greater than the right-hand side.
This contradiction establishes the theorem.
It should be noted that it is possible to specify how large is “suEciently large” in the
lemma. A calculation by Dan Ramras [2] shows that n¿ k · 2k + ( k2 ) + 1 suEces.
2. A Ramsey theorem
The following Ramsey-type theorem can be found in [1].
Theorem 2. For any integer k there exists an integer m such that given any q-coloring
of the edges of the complete bipartite graph Km;m there exists a monochromatic
subgraph isomorphic to Kk;k .
Proof. Choose n according to Theorem 1, and let m= qn − 1. Let the bipartition of
Km;m be (A; B). Since each vertex has degree m= qn − 1 and the edges are colored
with q colors, by the Pigeon-hole principle, at each vertex a∈A at least n of the edges
meeting a have the same color. Choose any color which occurs on at least n edges
incident with a, and call that color c(a). Assign vertex a the color c(a). Applying the
Pigeon-hole principle once again, this time to the q-colored vertices of A, it follows
that at least n vertices of A have the same color, which, without loss of generality, we
may assume is red. For a∈A with c(a)= red, let R(a) denote the set of b∈B such
that (a; b) is red. Then |R(a)|¿ n. Thus we have at least n subsets R(a) of B of size
at least n. By Theorem 1 we can choose n large enough so that k of these subsets
have at least k elements in common. It follows from the de,nitions that the subgraph
induced by {a∈A|c(a)= red} and ⋃a∈A R(a) contains a red Kk;k .
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